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MATH-303 F2013 Wiesner Quiz III Name
Full credit will only be given to answers that contain full solutions with work shown/explanations.
There are two questions worth a total of 10 points.

1. Consider the following elements of S5.

α = (1 2 4)(3 5), β = (1 5 4 3)

(a) (1 pt) Compute αβ. (No explanation required) (1 3 2 4 5)

(b) (2 pts) Compute α57. (Briefly explain your reasoning.)

From Theorem 5.3, we know that |α| = lcm(2, 3) = 6. Then, α57 = (α6)9α3 = α3.

Since disjoint cycles commute (Theorem 5.2), we then have

α3 = (1 2 4)3(3 5)3 = (3 5).

2. (4 pts) Determine the subgroup lattices for Zpq2 , where p and q are distinct primes. Justify your
answer.

Using the Fundamental Theorem of Cyclic Groups (in particular, the corollary), we know that the
the subgroups of Zpq2 are exactly those generated by each of the divisors of pq2. The divisors are
0 = pq2, 1, p, q, pq, q2. This gives the following subgroup lattice:

< 0 >

< pq > < q2 >

< q >< p >

Zpq2
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3. (3 pts) Attached you will find the proof of the key lemma for the Even/Odd Theorem. Choose
two of the questions below to answer. (Make sure to indicate which questions you have selected.)

(a) The proof lists four ways of rewriting pairs of transpositions. In your own words, explain
why these rewritings are useful in the proof.

In each product on the right, the symbol a appears in the right transposition, but in the
product on the right, a is eliminated from the right term and only appears in the left term.
By using the rewritings, we can shift the right-most occurrence of a one position to the right.

(b) The proof describes an algorithm for switching permutations and claims that the algorithm
must ultimately reduce the total number of permutations by 2. In your own words, explain
why this is true.

Using the rewritings provided, we can shift continue to shift the right-most occurrence of a
to the right, or reduce the total number of transpositions by 2. If we never reduced the total
number of transpositions, then we could eventually move a far enough to the left that it only
occurred in one transposition, but this would mean the product does not fix a and thus cannot
be the identity. Therefore, it must be that we reduce the total number of transpositions at
some point.

(c) Apply the algorithm described in the proof to the example (1 2)(2 3)(1 2)(1 3).

(1 2)(2 3)(1 2)(1 3) = (1 2)(2 3)(1 3)(2 3) using the second rewriting

= (1 2)(1 2)(2 3)(2 3) using the third rewriting

= (2 3)(2 3) using the first rewriting.


